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Application of knowledge discovery methods to crystal structure databases is an emerging research area
of materials science that is playing an important role in facilitating data analysis. This study is aimed at
combining computational geometry methods with machine learning algorithms for classification of inor-
ganic solid materials of known structure. Zeolite crystals are used for the pilot study where a model based
on the topology is developed for classification of the compound by mineral name and by zeolite framework
type. The topological descriptors are derived from the Delaunay tessellation for 220 zeolites contained in
the inorganic crystal structure database. This zeolite-structure-predictor (ZSP) is trained for classifying
this set of selected zeolite crystals into 22 different types of minerals and into 13 framework types.
The ZSP is based on the random forest algorithm and contains attributes of Delaunay simplex properties
such as tetrahedrality index, frequency of simplex occurrence, and site occupation probability. The ZSP is
able to obtain classification in this multitude of classes with more than 81% of correctly classified
instances based on framework type. The model shows that the classification into framework types is
superior, and that the classification into mineral names is not structurally unique.

� 2008 Elsevier Inc. All rights reserved.
1. Introduction

Machine learning methods are successfully used for the discov-
ery, analysis and optimization of chemical and biochemical com-
pounds in medicinal chemistry, drug design, computational
biology and other fields [1,2]. Several machine learning techniques
such as decision trees [3], genetic algorithms [4] and neural net-
works [5] were instrumental in recent advances in drug discovery
and optimization. Mining of inorganic solid materials data is still
today a daunting task because of the lack of open source data con-
taining evaluated and validated physical and chemical information.
On the other hand, the inorganic crystal structure database (ICSD)
maintained jointly by the National Institute of Standards and Tech-
nology (NIST) in the US and the Fachinformationszentrum Kar-
lsruhe (FIZ) in Germany is a valuable source of inorganic crystals
data. This database contains structural information assembled
from publications mainly based on X-ray diffraction experiments.
Therefore, this is an excellent data source for data mining in mate-
rials science. Although informative, the ICSD provides partial
knowledge concerning crystal structure and opens a window of
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opportunity for machine learning implementations aimed at sup-
plementing understanding of structure at deeper levels. A simple
approach is to explore the statistical structural content of families
of compounds and organize these results in a relational database
which can be easily accessed by users. More fundamental ques-
tions such as structure prediction are challenging computational
tasks for which there are very few tools.

The aim of this work is to explore the applicability of statistical
geometry combined with machine learning methods for accurate
classification of solid materials with known X-ray structures. A pi-
lot data set of zeolite crystal structures was selected for this study,
although other families of materials can be analyzed as well. In the
case of zeolites, the ICSD provides the user with the mineral name,
chemical name and formula, space group, symmetry system but
does not include structure-based classifications such as the frame-
work topology. Zeolites are porous crystalline compounds that oc-
cur naturally and can be synthesized. The sustained interest in
zeolites from the materials science and chemistry communities is
based on their unique ion-exchange capabilities as well as their
ability to retain substances of various sizes in their porous net-
work. Zeolites are widely used for water softening, separation
and removal of gases and solvents, molecular sieving, fuel refining,
and petrochemical cracking.

Historically, zeolites were defined as aluminosilicate frame-
works with loosely bonded cations and water molecules in out-
of-framework positions [6,7]. More recently, the definition has
Mater. (2008), doi:10.1016/j.micromeso.2008.07.027
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Fig. 1. Delaunay simplices spanned from the framework T1-atom in a zeolite_A.
The 14 simplices are catalogued into five types depending upon the elements
occupying the four vertices: T1–O–O–O, T1–T–O–O, T1–T–T–O, T1–O–O–Na, and
T1–O–Na–Na.
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been extended to exclude the constraints on chemical composition.
Currently, any crystalline substance characterized by a specific
framework of linked TO4 units (T is a tetrahedrally-bonded atom
in the framework) and containing cavities is considered to be a
zeolite [8]. A number of minerals with frameworks based on other
tetrahedrally-bonded chemical groups also display zeolitic proper-
ties [9]. Hundreds of zeolite crystals in the ICSD and millions of
hypothetical zeolites [10–12] necessitate development of robust
identification schema. Zeolites crystals are classified following
three commonly used approaches. One structural classification is
based on the framework topology, with distinct frameworks as-
signed three-letter codes [13]. A second structural classification
scheme implements the ‘‘secondary building units” (SBU) concept,
where SBU is a local mutual spatial arrangement of tetrahedra [9].
The third classification method is similar to the SBU supplemented
with morphology content [9]. According to the Structure Commis-
sion of the International Zeolite Association (IZA-SC) there are 176
known zeolite frame types [13] and more than 400 isotypic min-
eral types associated with them. The ICSD contains on the order
of 1600 zeolite crystals reported with their mineral names rather
than with the framework-type-codes. This database is systemati-
cally used for identification of compounds and is incorporated in
the software of X-ray diffraction equipment.

Computational geometry analyses based on topological features
of zeolite crystal structures is an emerging research area and the
literature on this topic is fairly limited. Most geometric methodol-
ogies are aimed at facilitating design and structure optimization of
hypothetical zeolites, e.g., by accommodating distortions of the
TO4 units into novel frameworks [14]. A statistical geometry
approach for studying the structure of molecular systems with
Voronoi’s partitioning of the occupied space [15] was pioneered
by Bernal in the late 1950s [16]. This approach was generalized
for the study of simple liquids by defining a set of parameters
describing the packing of Voronoi polyhedra [17]. Statistical geom-
etry was further applied for studying packing and volume distribu-
tions in proteins [18–20]. A topological dual to the Voronoi
partitioning of space is the Delaunay tessellation [21]. This tessel-
lation is useful for providing an exact identification of neighboring
points in molecular systems represented by extended sets of points
in space. Delaunay tessellation has been applied for studying mod-
el and simple liquids [22,23], water and aqueous solutions [24–26].
The Delaunay tessellation is particularly efficient for describing the
water structure, where a tetrahedral network of molecules is pres-
ent in the first hydration shell [25]. The mid-1990s brought appli-
cations of the Delaunay tessellation for identification of nearest
neighbor residues in proteins, development of four-body statistical
potentials [27]. Since then the approach has been widely used for
analyzing protein structure in various applications [28].

In this study, we explore the use of the Delaunay space on zeo-
lite crystals with the goal of developing a self contained topological
tool that only requires the X-ray crystallographic information
without relying on additional calculations such as the sequence
of coordination numbers or energetic studies. From a topological
perspective, zeolite crystals are challenging materials with huge
unit cells containing a multitude of elements and the solid-state
framework of TO4 units. The crystal complexity is increased by
the fractional occupation probability of multiple sites. For example,
a lattice site might have a probability of 0.7 of being occupied by a
silicon atom and a probability of 0.3 of being occupied by an alumi-
num atom. This site fractional occupancy leads to overlapping of
topological spaces. Studies of zeolite regularized frameworks
[29,30] where all sites have occupancy probability of one, lose
the compositional characteristics of the zeolite crystal and de-
crease the system complexity.

The tool developed in this study is based on Delaunay tessella-
tion and contains information of overlapping topological spaces.
Please cite this article in press as: D.A. Carr et al., Micropor. Mesopor.
Therefore, the compositional properties of the compound are taken
into consideration. Furthermore, this study demonstrates that
application of the Delaunay tessellation of zeolite crystals allows
accurate prediction and classification by mineral types and frame-
work types. The paper is organized as follows: Section 2 gives re-
sults on the statistics obtained on the basis of the Delaunay
tessellation of 220 zeolites. The crystal data for these zeolites
comes from the ICSD. Section 3 elaborates on the descriptors used
in the machine learning approach and provides the classification
results obtained from the random forests algorithm framed into
our zeolite-structure-predictor (ZSP) model. The classification al-
lows for assignment to the zeolites of 22 mineral names or 13
framework types. Section 4 contains several predictions using the
newly developed model and a discussion on the efficiency and
accuracy of the undertaken approach. The paper is concluded in
Section 5.

2. Structural information based on Delaunay graphical
representation

In statistical geometry methods the nearest neighbor atoms, or
groups of atoms, are identified by statistical analysis of irregular
polyhedra obtained as a result of a specific tessellation in three-
dimensional space. Voronoi tessellation partitions the space into
convex polytopes called Voronoi polyhedra [15]. In a 3D molecular
system a Voronoi polyhedron has the smallest volume enclosing an
atom such that all points inside such cell are closer to that atom
than to any other atom in the system. All space is filled by these
polyhedra. Four atoms with Voronoi polyhedra meeting at one
common vertex form another topological object called a Delaunay
simplex [21]. Therefore, in 3D a simplex is a distorted tetrahedron
that connects nearest neighbor Voronoi polyhedra. Each pair of
vertices in a 3D simplex are connected by a Delaunay edge. The
topological difference between these objects is that the Voronoi
polyhedron represents the environment of individual atoms
whereas the Delaunay simplex represents the ensemble of neigh-
boring atoms. The Voronoi polyhedra and the Delaunay simplices
are topological duals. Fig. 1 depicts the 14 simplices that contain
the T1-atom in the framework of a zeolite_A. It is seen that only
a few simplex edges coincide with the chemical bonds in the
molecular arrangement and that simplices with composition T1–
Mater. (2008), doi:10.1016/j.micromeso.2008.07.027
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O–O–O, T1–T–O–O, T1–T–T–O, T1–O–O–Na, and T1–O–Na–Na are
present. Delaunay simplices are always deformed tetrahedra in
three-dimensional space. These tetrahedra can be used to define
the topological nearest neighbor entities in molecular systems. In
summary, the Delaunay tessellation of a set of points is a canonical
tessellation of space based on nearest neighbors, which is equiva-
lent to a convex-hull of the set in one higher dimension [31,32].
The tessellation can be performed using the Quickhull algorithm
[33] based on the randomized, incremental algorithm [34]. This
algorithm produces the Delaunay tessellation by computing the
convex-hull of the set of points in 4D and is shown to be space
and time efficient.

Contrary to traditional bonding-based graphical representation
of crystals, chemical compounds and macromolecules, the
Delaunay tessellation provides an alternative way to characterize
the underlying structural topology of a material composed of
atoms. The focus in this work is the development of geometrical
tools that give topology insight for machine learning descriptors
useful for identifying different types of crystals once their crystal-
lographic data is available. We selected zeolite crystals based on
the rich structural content of these inorganic compounds.

Well-validated crystallographic data were made available for
this study by ICSD. From these data it is possible to generate
Cartesian coordinates of all atoms in the primitive cell of a given
crystal. An important peculiarity of zeolites is their backbone net-
work of silicon and aluminum atoms, which crystallographers are
often unable to uniquely locate in space. This characteristic gives
rise to fractional occupation probabilities for the lattice sites of
many atoms, including the backbone Si and Al atoms. This frac-
tional occupation is then indicative that the ith crystal site can
be occupied by two atoms with a certain occupation probability
pi as long as the sum of these two probabilities is one.

Once the primitive unit cell is built, a supercell of each zeolite
was constructed for a subset of 220 zeolite crystals from the ICSD.
The generation of the supercell was based on translation of the lat-
tice vectors, followed by conversion to Cartesian coordinates [35].
A spherical cut of radius 35.32 Å was carved from each supercell
for all 220 compounds. The radius value was chosen to ensure that
all cuts contain the central unit cell and at least one neighboring
cell. The carved sphere was centered at the mid point of the inner-
most unit cell. In the set of zeolites studied, most spheres were
contained in a 5 � 5 � 11 supercell spanned by translation of the
unit cell, whereas the spherical cuts containing the least number
of translations were done on 3 � 3 � 3 supercells. Worth noting
is that within the full supercell, or the carved sphere, many sites
are occupied by atoms having fractional occupancy. Therefore, a
probabilistic approach for site occupancy needs to be taken into
consideration.

The sites within the spherical supercell were considered as the
points on which the Delaunay tessellation was performed by
means of Quickhull without joggling [33]. This task allows for iden-
tification of a large number of simplices with different geometrical
and compositional characteristics. A simplex composition is deter-
mined by the elements participating in the four simplex vertices.
Most simplices found in the zeolites data were very distorted tet-
rahedra. Because of the site fractional occupancy, the atomic com-
position of these simplices has a probability of occurrence that
might not be one. Therefore, a weight w was assigned to each sim-
plex of given composition by multiplying the occupancy probabil-
ities of the four atoms at the simplex vertices. For example,
consider a simplex O–O–Si–Si composed of two oxygen and two
silicon atoms. Assume that each oxygen atom has occupancy prob-
ability pO = 1 and that each silicon has pSi = 0.5 (the site could
equally be occupied by Al with occupancy probability pAl = 0.5).
In this case the weight w of the simplex is p2

Op2
Si ¼ 0:25. Because

the simplex weight is less than one, then other simplices with
Please cite this article in press as: D.A. Carr et al., Micropor. Mesopor.
the same geometry and different composition should be taken into
account, e.g., the simplex O–O–Al–Si has a weight of
p2

OpAlpSi ¼ 0:25. There is a permutational order of atoms to be ac-
counted for, such that O–O–Si–Al has a weight 0.25. It is easy to in-
fer that a fourth simplex O–O–Al–Al needs to be considered with
w = 0.25. Therefore, for statistical purposes, all the possible permu-
tations of possible composition for one geometrical simplex were
counted.

Zeolite crystals have many vacancies. These vacancies are iden-
tified by crystallographers and reported in the structure as sites
that are either occupied by an atom or left empty. This means that
the sum of the occupancy probabilities for that site is less than one.
For example, a structure may contain a sodium atom with
pNa = 0.8. In this study, an empty site with occupation probability
qNa = 0.2 (vacancy) was introduced to achieve normalization. To ac-
count for these vacancies, the empty positions were populated
with ghost atoms GG with occupancy probability equal to the va-
cancy probability. For example, consider a simplex where the com-
position of its four vertices would be O–O–Si–Na or O–O–Al–Na
with occupancy probabilities pO = 1, pSi = 0.5, pAl = 0.5, pNa = 0.8
and qNa = 0.2. The weight of the simplex O–O–Si–Na or O–O–Al–
Na would be 0.4, but other simplices with the same geometry
and composition O–O–Si–GGNa or O–O–Al–GGNa with weight 0.1
should be considered as well. The question may arise as to the
validity of tessellating space including points where a vacancy re-
sides. A more precise approach would be to stochastically simulate
the actually occupied sites and the empty sites. However, the size
of the supercell chosen for this study is not large enough to contain
a representative sample of sites that could be left unoccupied. A
way around this limitation would be to simulate a large number
of supercells, generate the stochastic occupation in each of them
and tessellate afterwards. Although such approach could provide
a more accurate topological representation, the undertaking is
computationally costly. Therefore our approach contains an
approximation that neglects eventual constrains for positioning
atoms on the sites of a lattice.

Two different approaches were employed for tessellating a
spherical supercell. In one a spherical supercell was prepared first
and the tessellation done afterwards on the points inside the
sphere. This approach gave rise to simplices with very long edges
needed to characterize the convex surface of the sphere. Therefore,
this approach introduces a set of simplices uncharacteristic of the
topology of the compound. In the second approach the tessellation
was done on the original supercell block, then the spherical cut
was performed, and finally incomplete simplices were removed.
The drawback in this case was that too many simplices were
pruned and the characterization of the surface was strongly de-
pleted. Classification experiments were done with these two ap-
proaches, showing that the first approach is more robust.
Consequently, results presented in this paper are based on acquir-
ing the complete convex-hull within the sphere.

Quantitative measurement of local structural order in the com-
putational models of molecular and atomic systems is an intrinsi-
cally difficult problem. Conventional structure descriptors such as
radial distribution functions cannot be used to adequately evaluate
structure in the specific regions of complex model systems [24].
Statistical geometry is an alternative for addressing the structure
characterization in atomic systems. If the structure is known, it
can be easily tessellated and geometrical parameters of the result-
ing Delaunay simplices can be measured. Tetrahedrality is a quan-
titative measure of the degree of distortion of a Delaunay simplex
from the regular tetrahedron [23]. This index is defined as

T ¼
XNs

i

XNs

j>i

ðli � ljÞ2

15�l2
; ð1Þ
Mater. (2008), doi:10.1016/j.micromeso.2008.07.027
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where li is the length of the ith edge and �l is the mean length of the
six edges in a simplex. For a regular tetrahedron with four equilat-
eral triangular faces T = 0. For any irregular tetrahedron T > 0.
Depending upon the application, the index T can be calculated for
the full system or for specific regions of the system.

Simplex types were named after their atomic composition. For
example, the 28 predominant simplices are listed in Table 1. This
means that the geometrical properties of a given simplex type, rec-
ognized by four atoms characterizing its vertices, may be averaged
with the same properties of other simplices that have the same
composition but different geometrical characteristics. Characteris-
tics of the simplices were monitored by six properties: the compo-
sitional weight (product of the atomic occupancy probability of
each vertex), the average volume of the largest sphere enclosed
in each distorted tetrahedron, the average index of tetrahedrality
T, the average Delaunay edge length, the frequency of occurrence
based on the composition of the simplex vertices, and the simplex
volume. For one simplex the mean edge length is a weighted aver-
age where the six edges were weighted by the occupancy probabil-
ity of the two atoms associated to each edge. All other averages are
weighted averages. For example, for simplex of type a that appears
na times the mean tetrahedrality index is

Ta ¼
Xna

i

wiPna
j wj

Tai
; ð2Þ

where Ns ¼ 6; Tai
is the tetrahedrality index of each simplex of type

a and wi is the product of the four site occupancy probabilities
occurring in each simplex of type a. Therefore, in this approach
the simplex vertices are assumed to be independent. As a conse-
quence, each simplex compositional type contains one or multiple
4-atom combinations according to which element pertains to each
of the four vertices with a given site occupancy probability. The
Table 1
Simplices and properties used in the ZSP

Simplex % 168 70

f W T i V L f

O–O–O–Si 27.71 � � � � � � �
Al–O–O–O 21.41 � � � � � � �
O–O–O–O 15.58 � � � � � � �
O–O–Si–Si 4.10 � � � � � � �
O–O–O–Na 3.63 � � � � � � �
Al–Al–O–O 3.41 � � � � � � �
Na–O–O–Si 2.74 � � � � � � �
O–O–O–K 1.61 � � � � � � �
K–O–O–Si 1.43 � � � � � � �
Ca–O–O–Si 1.36 � � � � � � �
Na–Na–O–O 1.18 � � � � � � �
Al–Al–O–Si 0.88 � � � � � � �
O–Si–Si–Si 0.33 � � � � � � �
Al–O–Ow–Ow 0.31 � � � � � �
Si–Si–Si–Si 0.05 � � � � � � �
Al–O–O–Si 6.71 � � � � � �
Na–O–O–Al 2.45 � � � � � �
K–O–O–Al 1.38 � � � � � �
Ca–O–O–Al 1.32 � � � � � �
Al–O–Si–Si 0.89 � � � � � �
Si–O–Ow–Ow 0.50 � � � � � �
Al–Al–Al–O 0.32 � � � � � �
Al–Al–Si–Si 0.26 � � � � � �
Al–Si–Si–Si 0.18 � � � � � �
Al–Al–Al–Si 0.18 � � � � � �
Al–Al–Al–Al 0.05 � � � � � �
Al–Si–Ow–Ow 0.01 � � � � � �
Si–Si–Ow–Ow 0.01 � � � � � �

Properties per simplex type are: fraction of simplex type (f), average compositional we
simplex volume (V) and average simplex edge length (L). First column gives the chemical
each simplex in the data set. Crosses indicate what simplices and properties enter in th
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result is a group of 4-atom combinations that correspond to aver-
ages of geometrically different simplices.

Tessellating the spherical supercells of the 220 zeolites gener-
ated abundant statistical information. Fig. 2 is a collection of nor-
malized histograms showing the distribution of the average
geometrical characteristics of the 28 most abundant simplex types
across the full data set. There are 24,079,698 simplices of these 28
types. Each histogram of one property contains 6160 points
(28 � 220), each point being an average for a particular simplex
composition. Fig. 2a and b shows the distribution across the data
set of the average tetrahedrality index and the average volume of
the enclosed sphere. Fig. 2a reveals that some simplices tend to
be significantly distorted. Fig. 2c shows the distribution of simplex
edge length in the data set and Fig. 2d shows the distribution of the
fraction of simplices of a given type. Worth noting is that these dis-
tributions are not normal. Fig. 3 illustrates correlations between
various tessellation characteristics. Fig. 3a and b is correlation plots
between the fraction (in percent) of simplex type occurrence and
their tetrahedrality index and between the volume of the enclosed
sphere and the tetrahedrality index, respectively. Fig. 3c and d
shows correlation plots of the average edge length and the simplex
compositional weight with the tetrahedrality index, respectively.
All plots in this figure show a strong dispersion and very weak cor-
relation between the properties.

The distribution of Delaunay edge lengths in these 28 most
abundant simplex types gives information beyond just bonding
characteristics. Fig. 4a–e shows the distribution of the edge length
for the pairs silicon–oxygen, oxygen–oxygen, silicon–silicon, sili-
con–sodium and oxygen–sodium. Edge distances such as Si–Na
and Na–O show broad peaks at various lengths. However, the Si–
O, Si–Si and O–O edge lengths have a small spread of the first
and second peak. This is expected because these edges belong to
simplices containing the zeolite backbone atoms. Additionally, it
56 16

W T i L f W T i W T i

� � � � � � � � � �
� � � � � � � � �
� � � � � � � � �
� � � � � � � � � �
� � � � � � � �
� � � � � � � � �
� � � � � � � � �
� � � � � � � �
� � � � � � � � �
� � � � � � � � �
� � � � � � � � �
� � � � � � � � �
� � � � � � � � � �

�
� � � � � � � � �

ight (W), average tetrahedrality (T), average simplex in-sphere volume (i), average
composition of the 28 selected simplices. Second column gives the frequency (%) of

e ZSP model when 168, 70, 56 and 16 attributes are considered.

Mater. (2008), doi:10.1016/j.micromeso.2008.07.027



Fig. 2. Distributions of properties for the data set containing 220 zeolites. (a) Average tetrahedrality index; (b) average volume of the simplex insphere; (c) average simplex
edge length; (d) fraction of simplices per zeolite.
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was important to observe the differences between the statistics of
simplices and the statistics of the TO4 units (T is a four-coordinated
cation), which are close to regular tetrahedra and participate in the
zeolite framework. Fig. 5a and b shows normalized plots of both
the O–O edge length and the T–O bond length in all TO4 framework
units encountered in the 220 zeolites. Both quantities are normally
distributed with a fairly narrow spread. It is possible to calculate
the degree of distortion of these TO4 tetrahedra using Eq. (1).
Fig. 5c shows the result. As expected, the distortion of TO4 tetrahe-
dra is small, yet these are not perfect tetrahedra. Moreover, the TO4

tetrahedrality within each zeolite crystal is constant for more than
a third of the zeolites analyzed, indicating that the framework en-
ergy is stabilized by one specific distortion value [30]. The remain-
ing zeolites contain between 2 and 20 types of TO4 units with
different distortion indices. The framework of only one zeolite is
built with perfect TO4 tetrahedra. The hypothetical zeolites that
have been generated rely on accommodating TO4 units in space
for building novel frameworks [14]. The TO4 distortion index in
these hypothetical frameworks is basically a continuous function
in contrast to the sample of crystals studied here.

Additionally, to ensure that the spherical cut from the super-
cells did not introduce spurious surface effects, the tessellation of
the full supercells was performed. Analysis of the full supercells
produced an overhead of data. The number of the 28 predominant
simplices for the set of 220 zeolites increased to 51,659,298 (more
than three times larger than in the case of the sphere cut). How-
ever, the distributions and histograms based on this larger number
of simplices did not present qualitative differences with respect to
those of the sphere cut shown in Figs. 2–4. Therefore, these results
serve as a validation of the approach of reducing the size of the
Please cite this article in press as: D.A. Carr et al., Micropor. Mesopor.
supercells and considering equal-volume spherical cuts for all the
compounds.

An analysis of a selection of the simplices based on their edge
length permits for visual representation of additional structural
characteristics in the zeolites such as pores. For example, the por-
ous structure is apparent when simplices with long edges are fil-
tered out. The effect is clearly illustrated in Fig. 6 for a zeolite_Y.
When simplices with edge lengths up to the supercell sphere ra-
dius of 35.32 Å are considered, the porous network is masked as
shown in Fig. 6a. If simplices with any edge larger than 10 Å (Fig.
6b) or larger than 5 Å (Fig. 6c) are filtered out, then the porous
structure is clearly visible. This analysis allows for a discrimination
of simplices based on their edge length, which affects the precision
of the descriptors as will be discussed in the next section.

3. Zeolite-structure-predictor

Recently, ensemble learning has drawn interest to the areas of
chemistry and materials science. These are methods that generate
many classifiers, which are subsequently aggregated. The most
common methods are bagging [36] and boosting of classification
trees [37]. In bagging, trees are independent and built by a boot-
strap sample of the available data set. On the other hand in boost-
ing, successive trees are weighted in such a way that prediction is
achieved through a weighted vote (based on points incorrectly pre-
dicted by previous descriptors). In 2001, Breiman [38] proposed
the random forest (RF) model, which adds an extra layer of ran-
domness to bagging because not only each tree is constructed by
bootstrap of a different sample of data, but also there is change
in the manner trees are regressed or classified. The RF model has
Mater. (2008), doi:10.1016/j.micromeso.2008.07.027



Fig. 3. Correlation plots for the data set containing 220 zeolites and 28 preferred simplices. (a) Tetrahedrality index versus occurrence probability; (b) tetrahedrality index
versus volume of the enclosed sphere; (c) tetrahedrality versus average simplex edge length; (d) tetrahedrality index versus compositional weight.
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only two parameters: the number of variables in each random sub-
set, and the number of trees contained in the forest.

The classification and regression algorithms in RF comprise the
following three steps: (i) from the set of attributes draw several
bootstrap samples; (ii) build a modified unpruned regression (or
classification) tree for each bootstrap sample (the modification re-
sides in randomly sampling the predictors instead of choosing the
best split among all predictors); (iii) aggregate the predictions of
these trees (i.e. average for regression, majority votes for classifica-
tion) in order to predict new data. Based on the training data, the
error rate obtained may be viewed in two ways: (i) the out-of-
bag (OOB) data assesses the data not in the bootstrap sample
employing the tree built from the bootstrap sample. This is done
at each bootstrap iteration; (ii) the OOB estimate of error rate is ob-
tained by aggregating the OOB predictions and calculating the er-
ror rate.

In the first stage of the machine learning strategy, the attributes
were defined by including 28 different types of simplices based on
their composition (4-atom group) and six properties for each sim-
plex: the frequency of occurrence, compositional probability of
occupancy, the weighted average of the volume of the largest
sphere enclosed in each distorted tetrahedron, the weighted aver-
age of the tetrahedrality index, the weighted average of the edges
length, and the weighted average of the simplex volume. Thus, the
attribute set contains 6 � 28 = 168 entries. Our model is called zeo-
lite-structure-predictor (ZSP).

The purpose of our predicting model is to obtain the zeolite type
classification based on the topological attributes described above.
The data set contains a subset of 22 zeolite mineral-name-types
fairly well populated. Therefore, the model was developed for
obtaining the zeolite type based on topological attributes for clas-
Please cite this article in press as: D.A. Carr et al., Micropor. Mesopor.
sifying zeolites into 22 classes. The 22 mineral names (classes)
were taken exactly as provided in the ICSD. Each mineral type is
populated by 8 zeolite crystals. If the 168-attribute set is
considered to be the dimensionality of the working space, then
the properties of the 22 � 8 = 176 zeolites are points in this
168-dimensional space.

Originally it was necessary to define what compositional sim-
plices were more relevant for the ZSP. Two methods were em-
ployed in order to reach the selection of the 28 simplices for the
attribute set shown in Table 1. The first method is heuristic, based
on keeping as attributes the 4-atom groups that were present in
more than 5% in the 176 zeolite structures. This threshold reduced
the number of compositionally different simplices from 446 to 28.
The second method made use of the Rule Fit [39] algorithm for
measuring variable importance. Rule Fit returned a set containing
14 simplices, each of them with a few properties and most of them
without the average simplex volume. This suggested a uniform
reduction of the attribute set from 168 to 70 attributes by eliminat-
ing the average volume for the retained 14 simplices. Such reduc-
tion is indicated in Table 1. Also based on further reducing the
attribute set according to variable importance, the average edge
length was eliminated, thus reducing the attribute set to 56, as
shown in Table 1. Further attribute selection was obtained with
the RF measure of variable importance, which yielded the smallest
set containing 16 attributes shown in the last column of Table 1.

Using these different attribute sets (168, 70, 56, 16) the model
was built with the RF algorithm, using 20-fold cross-validation,
and 100 trees. This validation consists of randomly selecting a test-
ing set of structures out of 176 and repeating the process 20 times.
The area under the curve (AUC) scores for the 22 mineral type clas-
ses using ZSP with the RF algorithm are reported in Table 2 and the
Mater. (2008), doi:10.1016/j.micromeso.2008.07.027



Fig. 4. Distribution of Delaunay edge lengths for the most representative pairs: Si–O; O–O; Si–Si; O–Na; Si–Na.
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AUC scores for the 13 framework type classes are given in Table 3.
In Table 2, column one are the different mineral names, the second
column reports the fraction of simplices entering in each class
whereas column three contains the AUC for the 168 attribute set
and a sample of 176 zeolites. The other columns contain the scores
obtained with 168, 70, 56 and 16 attributes on a larger sample of
220 zeolites. Similarly, column one of Table 3 lists the different
framework types and the other columns contain the average AUC
and its standard deviation for 10 sets of 130 zeolites, where the
number of zeolites per class was kept to be ten, and the random
samples were generated from the original group of 220 zeolites.

Having 220 instances available gave the opportunity for ran-
domly build several sets with a smaller number of instances. The
improvement in the ZSP and in the OOB error when the training
Please cite this article in press as: D.A. Carr et al., Micropor. Mesopor.
set (number of zeolites) is increased from 44 to 88, 132, 176, and
220 is documented in Table 4. Twenty random sets of structures
out of the 220 were built for each of the cases with 176, 132, 88,
44. The ZSP model was created 20 times for each of these cases
with the constrain that each of the 22 classes contained an equal
number of structures: 176 (8 zeolites in each class), 132 (6 zeolites
in each class), 88 (4 zeolites in each type) and 44 (2 zeolites in each
type). Each of these ZSP models is based on RF using 10-fold cross-
validation with one hundred trees. Averages of the correctly classi-
fied instances with their standard deviation are shown in Table 4
as well as the OOB and its standard deviation.

To assess if the model had enough information, a learning curve
was built in the following way. Forty four new zeolites were added
to the original 176 instances to give a total of 220 zeolites with 10
Mater. (2008), doi:10.1016/j.micromeso.2008.07.027



Fig. 5. Distributions of O–O and T–O bonds in TO4 units and their distortion index.
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zeolites in each mineral class. The model was run again on this ex-
panded set, and the AUC for attribute sets of 168, 70, 56 and 16 are
reported in Table 2 (fourth to seventh columns). For the expanded
model containing 220 instances, the AUC results show a slight deg-
radation as the attribute set is reduced from 168 to 16. The per-
centage of correctly classified instances by the ZSP model was
increased from 62% to 68% when the number of zeolites is in-
creased from 176 to 220 as shown in Table 4. Additionally, with
the models built with training sets of sizes 176, 132, 88 and 44,
the remaining zeolites were considered as test structures. For
example, a ZSP model is built using a training set of 88 zeolites
in which each of the classes is populated by four zeolites using
168 attributes. This model is then used to classify the remaining
132 zeolites. This process is repeated 10 times for this particular
instance set. Fig. 7a shows the mean percentage of correctly classi-
fied test instances as a function of the size of the training set used.
It is clearly seen that the model improves when the number of in-
stances is increased and reaches a plateau at about 68% of correctly
classified zeolites. The ZSP is then a classifier that will predict cor-
rectly 68% of the times.

Since some of the 22 mineral names are isotypic based on
framework type, 13 distinct framework types were identified in
the sample of 220 zeolites. Therefore, the ZSP was also used to clas-
sify zeolites in 13 framework types, each of these new types was
populated with 10 instances, and 20 different realizations of 130
instances were obtained out of the 220 zeolites. Table 3 reports
the average AUC scores for the 13 framework type classes. The first
column of Table 3 gives the different framework types present in
the sample. The four other columns list the AUC using the same
168, 70, 56, and 16 attributes and 20 different 130-zeolite samples.
These 20 samples contained 10 zeolites in each framework type
and were selected randomly from the group of 220 zeolites.
Please cite this article in press as: D.A. Carr et al., Micropor. Mesopor.
A similar learning curve was built for the classification of the 13
framework types by constructing the ZSP model for four smaller
training sets with sizes of 104 zeolites (8 in each class), 78 zeolites
(6 in each class), 52 zeolites (4 in each class), and 26 zeolites (2 in
each class). The remaining zeolites were used to test the models.
Each training/test set case was created 20 times. Therefore, the
ZSP model was trained 20 times and tested as many times. Table
4 shows the dramatic improvement of this framework classifica-
tion over the mineral name classification showing an increase of
correctly classified instances from 67% to 81% when the full 130 in-
stances are used. Fig. 7b shows the mean percentage of correctly
classified test instances as a function of the size of the training
set used. It is clearly seen that the model improves when the num-
ber of instances is increased and reaches a plateau at about 81% of
correctly classified zeolites based on their framework type. The ZSP
is then a classifier that will predict correctly the framework type
81% of the times.

The discrimination of simplices based on their edge length (Fig.
6) affects the ZSP performance. This effect was tested by recalculat-
ing the above results with average properties calculated on a smal-
ler set of simplices retained if their edge length was smaller than
10 Å or 5 Å. In both cases the number of correctly classified in-
stances deteriorated by 5% and 10%, respectively. The topological
characteristics of the zeolite crystals are then better when simpli-
ces of all sizes are taken into account.

4. Predictions from the ZSP model

It is not sufficient to just provide a measure of model robustness
without looking at prediction capabilities. The confusion matrix
can be used to evaluate performance and draw predictions. When
the ZSP contained 10 zeolites in each class, the diagonal elements
Mater. (2008), doi:10.1016/j.micromeso.2008.07.027



Fig. 6. Effect of simplex edge length filtering on the visualization of the porous network in a zeolite_Y crystal: (a) all simplices are depicted with edges within the supercell
spherical cut with 35.32 Å radius; (b) simplices with all six edges shorter than 10 Å are depicted; (c) simplices with all six edges shorter than 5 Å are depicted.
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of the confusion matrix would be 10 for a perfect classification.
Tables 5 and 6 give the confusion matrix corresponding to the
ZSP with 168 attributes and data sets containing 220 zeolites
Table 2
The AUC scores of the ZSP with 22 mineral name classes

Class Simplex (%) 168/176 168/220 70/220 56/220 16/220

Brewsterite 5.987 0.991 0.993 0.980 0.984 0.968
Chabazite 4.146 0.755 0.862 0.860 0.844 0.794
Clinoptilolite 4.701 0.995 0.988 0.988 0.994 0.987
Faujasite 3.592 0.900 0.927 0.918 0.920 0.939
Ferrierite 4.635 0.936 0.966 0.967 0.976 0.965
Heulandite 4.954 0.916 0.928 0.944 0.892 0.893
Laumontite 3.393 0.999 0.999 0.998 0.999 0.998
Mordenite 4.644 0.989 0.998 0.983 0.971 0.988
Natrolite 4.763 0.987 0.986 0.966 0.971 0.985
Phillipsite 5.205 0.984 0.994 0.988 0.995 0.988
Silicalite 2.937 0.983 0.987 0.986 0.988 0.983
Tetranatrolite 7.874 0.999 0.999 1.000 1.000 0.997
Zeolite 3.358 0.814 0.908 0.856 0.820 0.894
Zeolite_4A 4.721 0.942 0.970 0.976 0.969 0.956
Zeolite_A 4.511 0.931 0.933 0.913 0.930 0.906
Zeolite_L 5.126 0.994 1.000 1.000 1.000 1.000
Zeolite_LTA 6.002 0.946 0.881 0.916 0.926 0.956
Zeolite_NaY 4.208 0.986 0.982 0.987 0.986 0.980
Zeolite_Rho 3.609 0.884 0.877 0.938 0.922 0.873
Zeolite_X 3.847 0.946 0.976 0.973 0.985 0.970
Zeolite_Y 4.053 0.968 0.914 0.951 0.950 0.952
Zeolite_ZSM-5 3.733 0.967 0.982 0.987 0.983 0.975

First column gives the 22 mineral names. Second column gives the fraction of
simplices used in each zeolite class. Third column is the AUC score with 176 zeolites
and 168 attributes. Next columns are the AUC with 220 zeolites using 168, 70, 52
and 16 attributes.

Please cite this article in press as: D.A. Carr et al., Micropor. Mesopor.
(mineral name classification) and 130 zeolites (framework type
classification), respectively. It is immediately seen from Tables 2,
5 and 3, 6 that several zeolite classes have high AUC score but
low predictive measures. This can be explained due to the nature
of the data. A premise in our study was to use the mineral name
attribute as a target class. By doing so we assume that these min-
eral names are uniquely assigned to each compound. In reality
though, the name contained in the ICSD comes from a variety of
publications. Depending upon the research field of an author, var-
ious mineral names could be given to the same compound. As a
consequence, there is an overlap in the name assignment of several
zeolites.
Table 3
The AUC scores of the ZSP with 13 framework type classes

Class 168/130 70/130 56/130 16/130

BRE 0.990 ± 0.005 0.988 ± 0.005 0.985 ± 0.006 0.981 ± 0.007
CHA 0.843 ± 0.024 0.854 ± 0.018 0.866 ± 0.020 0.861 ± 0.024
FAU 0.966 ± 0.025 0.959 ± 0.026 0.951 ± 0.034 0.931 ± 0.036
FER 0.977 ± 0.009 0.972 ± 0.008 0.974 ± 0.007 0.969 ± 0.007
HEU 0.940 ± 0.032 0.948 ± 0.026 0.948 ± 0.021 0.936 ± 0.026
LAU 1.000 ± 0.001 0.998 ± 0.001 0.998 ± 0.001 0.997 ± 0.001
LTA 0.976 ± 0.012 0.982 ± 0.010 0.981 ± 0.009 0.983 ± 0.010
LTL 1.000 ± 0.000 1.000 ± 0.000 1.000 ± 0.000 1.000 ± 0.000
MFI 0.995 ± 0.003 0.998 ± 0.002 0.998 ± 0.002 0.993 ± 0.003
MOR 0.996 ± 0.002 0.990 ± 0.004 0.989 ± 0.005 0.979 ± 0.006
NAT 0.996 ± 0.006 0.998 ± 0.002 0.995 ± 0.009 0.994 ± 0.010
PHI 0.993 ± 0.005 0.995 ± 0.004 0.996 ±0.003 0.987 ± 0.007
RHO 0.967 ± 0.013 0.976 ± 0.013 0.967 ± 0.015 0.952 ± 0.015

First column gives the 13 framework types. Next columns are the AUC score using
168, 70, 56 and 16 attributes. Values are averages with their standard deviation
taken on 10 samples, each sample containing 130 zeolites.
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Table 4
Percentage of correctly classified instances and OOB of the ZSP as a function of the
data set size for classification according to mineral name and according to framework
type

22 Classes (mineral name) 13 Classes (framework type)

Instances Correctly
classified

OOB Instances Correctly
classified

OOB

220 68 0.37 130 81 ± 2 0.22 ± 0.02
176 62 ± 2 0.42 ± 0.03 104 78 ± 4 0.26 ± 0.03
132 57 ± 3 0.47 ± 0.03 78 71 ± 4 0.33 ± 0.04
88 49 ± 5 0.54 ± 0.06 52 57 ± 6 0.42 ± 0.04
44 25 ± 6 0.72 ± 0.07 26 28 ± 13 0.42 ± 0.13

Fig. 7. Learning curve of the ZSP model built with 168 attributes showing the
percentage of correctly classified instances as a function of training set size: (a) for
22 mineral name classes; (b) for 13 framework type classes.
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The ICSD incorporates the mineral name for each compound
based on the name assigned in the bibliographic reference. For
example, the name Zeolite was assigned by crystallographers as
generic, or when the classification of the compound was unsure,
or when the methodology did not permit a more precise classifica-
tion. As a consequence, the class labeled Zeolite might contain com-
pounds that belong to the other 21 classes considered in the model,
or to classes that ZSP has not covered. A close analysis of the con-
fusion matrix in Table 5 indicates that the class Zeolite probably
contains compounds in the Silicalite. Similarly, the class Zeolite_Y
has components of Faujasite and Zeolite_NaY. Therefore, two tests
were carried out. In the first, the ZSP was reduced to 20 classes
by eliminating the classes labeled Zeolite and Zeolite_Y. With 20-
fold cross-validation, the ZSP yields a slight increase in the per-
centage of correctly classified instances from 68% to 70%. In the
second test the ZSP was run on two classes only: Zeolite_Y and
Faujasite. The correctly classified instances for the classification
into these two classes decreases to 50% demonstrating that these
two classes have a strong structural similarities between them.
Please cite this article in press as: D.A. Carr et al., Micropor. Mesopor.
In fact, this is the case because Zeolite_Y and Faujasite belong to
one unique framework type (FAU).

In addition, Table 5 suggests that Zeolite_A and Zeolite_4A have
similar features. This is known, because Zeolite_4A is a subclass of
Zeolite_A [13]. Then, when these two classes are merged into one
class, the ZSP including 21 classes improved from 68% to an aver-
age of 70% correctly classified instances. This test was carried out
by forming five groups of 10 zeolites for the joint class, with half
of the zeolites coming from each of the two original classes Zeo-
lite_A and Zeolite_4A.

Another test of the ZSP consisted of breaking down the classifi-
cation into all possible pairs of classes. The model shows inability
for separating univocally some of these pairs of classes. This is a
clear indication that different mineral names are given for the
same structure. Confusion matrices resulting from this exercise
showed that some pairs of mineral name classes are not distinct,
such as Zeolite_A and Zeolite_LTA. Once again, this is a known fact
[13]. On the other hand, if this binary classification is done with all
pairs formed from the 13 framework types, the average score of
correctly classified instances jumps to 95%. This excellent result
emphasizes the fact that the FTC is a superior classification crite-
rion. Unfortunately, FTC is not provided to the ICSD users. A sub-
product of this study are suggestions that the ICSD management
may consider for future additions.

Another test worth mention is to compare the ZSP with a ran-
dom model. To perform this test, the mineral names were shuffled
randomly among the compounds, and RF was run again with the
same parameters as before. Now the percentage of correctly classi-
fied instances decreased to less than 3%, which is consistent with a
pure random selection of a name out of 22 classes.

5. Conclusion

Delaunay tessellation as a tool is shown to be a valid descriptive
tool for framework classification when using representative struc-
tures. This paper shows that the tessellation can be used on struc-
tures that have fractional site occupancies, are highly symmetric,
and have very large primitive cells. We describe the methodology
used for comparing crystal structures within an equal-volume
Delaunay space and show the information content that this graph-
ical analysis has for classifying zeolite structures. The zeolite-struc-
ture-predictor model incorporates these new descriptors based on
topology for a testbed classification of zeolite crystals. A major out-
come is that the model gives an excellent classification into a mul-
titude of classes. In fact a classifier handling either 22 or 13 classes
is more complex than the usual classification into two or three
classes. The classification tool predicts that more than one mineral
name designate the same type of structure. The model was very
efficient in pointing out that Zeolite_A and Zeolite_4A are indeed
one class and not two, and that Faujasite, Zeolite_Y, Zeolite_NaY
belong to one class. Additionally, the ZSP model shows that a clas-
sification by framework type is topologically superior to the min-
eral name classification and demonstrates that the descriptors
devised for the zeolite crystals perform excellently. A classification
based on framework type yields high percentages (81%) of cor-
rectly classified instances. Although the targeted crystals in this
work are zeolites, the methods described are amenable to be used
for other inorganic structures and for alternative classification
schemes or predictive models based on structural information.

The reported results show that the proposed topological ap-
proach can be successfully applied for grouping zeolites according
to the existing classification schemes. More importantly, it pro-
vides tools for resolving ambiguities of currently used classifica-
tions and helps the design of novel classifications. Statisticians
deal with metadata more often than scientists. Because metadata
might be larger and more complex than the experimental data,
Mater. (2008), doi:10.1016/j.micromeso.2008.07.027



Table 6
Confusion matrix corresponding to the ZSP classification according to framework
types with the 168-attribute set and 130 instances

a b c d e f g h i j k l m Classified as

a 8 0 0 0 2 0 0 0 0 0 0 0 0 BRE
b 0 7 1 1 0 0 0 0 0 0 0 1 0 CHA
c 0 0 7 0 0 0 0 0 0 0 0 1 2 FAU
d 0 0 0 8 0 0 0 0 0 2 0 0 0 FER
e 3 1 0 0 6 0 0 0 0 0 0 0 0 HEU
f 0 0 0 0 0 10 0 0 0 0 0 0 0 LAU
g 1 0 0 0 0 0 9 0 0 0 0 0 0 LTA
h 0 0 0 0 0 0 0 10 0 0 0 0 0 LTL
i 0 0 0 1 0 0 0 0 9 0 0 0 0 MFI
j 0 0 0 0 0 1 0 0 0 9 0 0 0 MOR
k 0 0 0 0 0 0 1 0 0 0 9 0 0 NAT
l 0 1 0 0 0 0 0 0 0 0 0 9 0 PHI
m 0 1 2 0 0 0 1 0 0 0 0 0 6 RHO

Table 5
Confusion matrix corresponding to the ZSP classification according to mineral names with the 168-attribute set and 220 instances

a b c d e f g h i j k l m n o p q r s t u v Classified as

a 9 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 Brewsterite
b 1 5 0 2 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 Chabazite
c 0 0 7 0 0 1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 Clinoptilolite
d 0 0 0 4 0 0 0 0 0 0 0 0 0 0 0 0 0 2 1 0 3 0 Faujasite
e 0 1 0 0 8 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 Ferrierite
f 3 0 0 0 0 6 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 Heulandite
g 0 0 0 0 0 0 10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 Laumontite
h 0 0 0 0 0 0 1 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 Mordenite
i 0 0 0 0 0 0 0 0 6 0 0 2 0 0 0 0 2 0 0 0 0 0 Natrolite
j 0 0 1 0 0 0 0 0 0 9 0 0 0 0 0 0 0 0 0 0 0 0 Phillipsitea
k 0 0 0 0 0 0 0 0 0 1 9 0 0 0 0 0 0 0 0 0 0 0 Silicalite
l 0 0 0 0 0 0 0 0 1 0 0 9 0 0 0 0 0 0 0 0 0 0 Tetranatrolite
m 0 1 0 0 1 0 0 0 0 0 2 0 3 0 0 0 1 0 1 0 0 1 Zeolite
n 0 0 0 0 0 0 0 0 0 0 0 0 0 5 4 0 1 0 0 0 0 0 Zeolite_4A
o 0 0 0 0 0 0 0 0 0 0 0 0 0 5 3 0 2 0 0 0 0 0 Zeolite_A
p 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 10 0 0 0 0 0 0 Zeolite_L
q 0 0 0 0 0 0 0 0 0 0 0 1 0 2 2 0 4 0 0 1 0 0 Zeolite_LTA
r 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 9 0 0 0 0 Zeolite_NaY
s 0 1 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 7 0 0 0 Zeolite_Rho
t 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 7 0 0 Zeolite_X
u 0 0 0 3 0 0 0 0 0 0 0 0 0 0 0 0 0 3 1 0 3 0 Zeolite_Y
v 0 0 0 0 0 0 0 0 0 0 2 0 0 0 0 0 0 0 0 0 0 8 Zeolite_ZSM-5
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new strategies are needed for dealing with metadata. The software
design for manipulating and managing crystallographic informa-
tion that is related to the experimental data is growing in impor-
tance. Part of the software implementations designed in this
study cover aspects of this need.
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